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10 Properties of the Derivative

Let r and u be differentiable vector-valued functions of ¢, let w be a differentiable real-

valued function of ¢, and let ¢ be a scalar.
1. %[:‘.r (t)] = ex' (1)

d i’
2 2l £u@)]=r @+ @

> %["""I“f(”]“"{”r' (t) +u/ (#)x (1) —| Product Rule

(t)+u(t)] =r(t)-u' (f) + 1 (t) - u(t) —| Same as Product Rule but using Dot Product

. E[I‘

d
5 E[T[U <ul(t) =r(t)<u (t)+r¢'(f) < ult) ——| Order of the Cross-Product matters

MNote that Property 5 applies only to three-dimensional vector-valued

functions because the cross product is not defined for two-dimensional

vectors.

6. %[1‘ (w(t))] = (w(t))w' (t) —| Composite function, use Chain Rule

7.Ifr(t)-r(t) = ¢ thenr(t) ¥ (t) = 0.



SEILUEES Using Properties of the Derivative

Forr(t) %i —J+In tk and u(t) = i - 2¢j + k, find each derivative.
d
ldt [r{t) - u(t)]
b L u(t) x o (2)]
X dt u LN !
solution

a. Because r' (f) —ngi - %}; and u' (#) = 2¢i — 2§, you have

dle(t)-ult) =r(t) - (8) + ' (t)-ult)
= (3i-J+ k) - (26— 20) + (- 21+ 1K) - (#1- 261 + k)
=2424(-1)+1

=3+ 3.

b. Because u' (t] = 2 - ] and u" () = 21, you have

2 (t) < w' (£)] = [u(f) = u” (#)] + [ (8) = o (2)

|} ik
=|t: =2t 1|+0
2 0 0
2 1], |£ 1], [¢# -2
= [i— j+ k
0o 2 0 2 0

= i — (—2)j + 4tk

= 2j + 4tk.



Definitions of Velocity and Acceleration

If = and y are twice-differentiable functions of ¢, and r is a vector-valued function given by
r(t) = = (t)i+ y(t)j, then the velocity vector, acceleration vector, and speed at time ¢ are as
follows.

Velocity = v(i] = r'it) a1+ ' (1))

Two
Arcceleration = alt) () " (E)i + " ()i
Magnitude of

Speed = |[v(t)| = (8} = /=" ()] + WO — | velocity

For motion along a space curve, the definitions are similar. That is, for
rit)==()i+yt)j+=(tlk

you have the following.

Velocity = v(i] = r'(1)

e+ g (1) + 2 (1)k
Three ) o o
Dimensions Acceleration = a(t) (] e+ " [t + 2"tk

Speed = |[vit})|| = [r'(t}] 1,}'r (&))" + ()] + [ ()

rif)=—1g’j+tvo+m Position vector
= %g!jj + twy cos 1 + tvp sin 8 + Rj

(vo cos @) ti + [+ (vg sin @)t - Lgt*]j.

m Position Vector for a Projectile

Meglecting air resistance, the path of a projectile launched from an initial height & with
initial speed v, and angle of elevation # is described by the vector function

r(t) = (v cos @) + (R -+ (v sin @) ¢ %gti]j

where g is the acceleration due to gravity.



Summary of Velocity, Acceleration, and Curvature

Unless noted otherwise, let €' be a curve (in the plane or in space) given by the position

vector
r(t)=a(t)i+y(t)] Curve in the plane
Position
o Vectors
rit)=z(t)i+y(t)j+=z(t)k Curve in space

where z, y, and z are twice-differentiable functions of t.

Velocity vector, speed, and acceleration vector

v(t) =r'(t) Velocity vector
Iv@®)l =)l = &  Speed
a(t)=r"(t) Acceleration vector
=arT (t) + anN (t)
= %T (t) + K(%’)zN (t) K is curvature and % is speed.

Unit tangent vector and principal unit normal vector

_rm .
T{t) = For Unit tangent vector
T'(t) e .
N(t) = Ea0T Principal unit normal vector

[Velocity Vector, aka Tangent Vector ]




Summary of Velocity, Acceleration, and Curvature
(Continued)

Components of acceleration

ap =a-T="12 = 42

ST = o Tangential component of acceleration
[

ay —a-N Normal component of acceleration

|lw=al

[l

Vllal* - o}

2 . 5
= K(ﬁ—f) K is curvature and % is speed.

Formulas for curvature in the plane

= Lq C given by y = f(z)
1+ )]
_ ey =y . o .
K=—"— C given by = = z(t), y = y(t)

(@) + T
Formulas for curvature in the plane or in space

K =|T'(s)] = |*"(s)]| s is arc length parameter.

[ o O] L O O]
K= T I (£))°

t is general parameter.

. alt)N(t)
TR

Cross product formulas apply only to curves in space.

Arc Length of a Space Curve:
b
s= [ I
a




