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Properties of Logarithmic Functions

r_DEFINITION Logarithmic Function with Base a

The logarithmic function with base a, where @ > 0 and a # 1, is denoted
by y = log, x (read as “ y is the logarithm with base a of x”) and is defined by

L

y = log,x ifandonlyif x = a* J

The domain of the logarithmic function y = log, xis x > 0. J

e Domain of the logarithmic function = Range of the exponential function = (0, o)

* Range of the logarithmic function = Domain of the exponential function = (—00, 00)

y = log,x ifandonlyif x = a’
Domain: 0 <x < o© Range: —o00 <y < o©

Properties of the Logarithmic Function f(x) = log, x;a > 0,a # 1

The domain is the set of positive real numbers, or (0, c0) using interval
notation; the range is the set of all real numbers, or (—00, 00) using
interval notation.

The x-intercept of the graph is 1. There is no y-intercept.
The y-axis (x = 0) is a vertical asymptote of the graph of f.
A logarithmic function is decreasing if 0 < a < 1andisincreasingifa > 1.

The graph of f contains the points (1,0), (a, 1), and (% =i >

The graph is smooth and continuous, with no corners or gaps.

y =Inx ifandonlyif x = ¢’ @) ]




[ y = logx ifandonlyif x = 107

SUMMARY

(Properties of the Logarithmic Function

f(x) =log,x, a>1 e Domain: the interval (0, o ); Range: the interval (— o0, c0)

(v = log, xif and only if x = a") ® x-intercept: 1; y-intercept: none;
vertical asymptote: x = 0 (y-axis):increasing; one-to-one
e The graph of fis smooth and continuous. It contains the

points (% —l). (1,0),and (a,1).
® Sce Figure 39(a) for a typical graph.
f(x) =log,x, 0<a<l1 e Domain: the interval (0, o0 ); Range: the interval (—00, o)
(v = log,x if and only if x = a") ® y-intercept: 1: y-intercept: none;

vertical asymptote: x = 0 (y-axis):decreasing; one-to-one
® The graph of fis smooth and continuous. It contains the

1
points (a,1), (1,0), and (a_ —1).
e See Figure 39(b) for a typical graph.
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[ log,1 =0 log,a =1 }

r-THEOREM Properties of Logarithms

In these properties, M and a are positive real numbers,a # 1, and r is any real
number.

e The number log, M is the exponent to which @ must be raised to obtain M.
That is,

[ a'%tM = M (1) ]

e The logarithm with base a of a raised to a power equals that power. That is,

[ log,a” = r (2) ]

£,

I THEOREM Properties of Logarithms

In these properties, M, N, and a are positive real numbers,a # 1, and r is any
real number.

The Log of a Product Equals the Sum of the Logs

| log,(MN) = log, M + log, N 3 |

The Log of a Quotient Equals the Difference of the Logs

[ logL,(%) = log, M — log, N 4) ]

The Log of a Power Equals the Product of the Power and the Log

| log, M’ = rlog, M 3 |

[ q = e'na (6) J




r_THEOREM Properties of Logarithms

In these properties, M, N, and a are positive real numbers,a # 1.

e IfM = N, thenlog, M = log, N. (7)
e Iflog,M = log, N,then M = N. (8)

r_THEOREM Change-of-Base Formula

Ifa # 1,b # 1, and M are positive real numbers, then

i log,, M ‘
logs, M = ——— )
log, a
i log M In M i
log, M = oz and log, M = ——

SUMMARY
Properties of Logarithms b
In the list that follows, a, b, M, N, and r are real numbers. Also,a > 0,a # 1,b > 0,b # 1,M > 0,and N > 0.
Definition y = log, x if and only if x = a”
Properties of logarithms e log,1=0 e log,a=1 e log, M" = rlog, M
o d°%M = Ny e log,a" =r ¢ . =ighe
M
® log,(MN) = log, M + log, N ° loga(ﬁ> = log, M — log, N
e If M = N, then log, M = log, N. e Iflog, M = log, N,then M = N.
log, M
Change-of-Base Formula log, M = logb
og, a
\_ s J
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